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ABSTRACT. In geometric mechanics, the generalized mass (inertia) matrix M(q)
of an articulated multibody linkage induces a natural kinetic energy Riemannian
metric g = M(q) on the system’s configuration manifold ¢). This paper investigates
the explicit metric tensors and their induced differential geometric structures—
including the Levi-Civita connection (Christoffel symbols), Riemann curvature ten-
sor, sectional/scalar curvatures, and invariant Riemannian volume forms—across
open and closed kinematic chains. We evaluate the metric geometries of the spheri-
cal pendulum (S?), the planar 2R robot arm (T?), and closed-chain planar linkages
whose configuration spaces form compact orientable surfaces of higher genus: the
5-bar mechanism (33, formed as the connected sum of two tori) and multi-loop
coupled linkages (X3, a genus-3 surface). Global geometric and topological invari-
ants are verified using the Gauss—Bonnet theorem. Accompanying parametric CAD
assemblies and open-source symbolic verification scripts are provided.

1. INTRODUCTION

In Lagrangian mechanics, the kinetic energy T' of an n-degree-of-freedom holonomic
mechanism whose configuration is parameterized by local generalized coordinates ¢ =
(¢',...,q") € U C Q is quadratic in the generalized velocities ¢:

. I.r .1 i
(1) T(a,9) = 54 M(@)q = 59:(a)d'd",
where Einstein summation convention is assumed. The symmetric, positive-definite
generalized mass matrix M(q) = [g:;(¢)] endows the smooth configuration manifold
@ with a natural Riemannian metric g.

Under this Riemannian formulation, unforced conservative motions correspond pre-
cisely to geodesics of the metric connection V. The equations of motion take the
geometric form:

(2) Vg = G (Fogy — grad,V),
or in local coordinate components:
(3) i+ @)@ d" = 9" (9)Qs,
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where T, denote the Christoffel symbols of the second kind for the Levi-Civita con-
nection V, and ); represents non-geodesic generalized forces (such as potential forces
—0V/dq' and applied actuator torques).

While open-chain systems admit product-manifold configuration spaces such as tori
T = (S1)™, closed kinematic loops impose algebraic constraints that fundamentally
alter both the global topology and local curvature of the configuration manifold. In
this paper, we derive the explicit mass matrices, connection coefficients, and curvature
expressions for four representative systems:

(1) The spherical pendulum (Q = S?),

(2) The planar double pendulum (Q = 72),

(3) The closed planar 5-bar mechanism (Q = 3y & T?#T?), and

(4) The planar multi-loop coupled linkage (Q =2 33 = #3_T?).

All models, parameters, and symbolic derivations are supported by Onshape CAD
models and verification code in Python, MATLAB, and Wolfram Mathematica.

2. DERIVATIVE STRUCTURES OF THE KINETIC METRIC

Let (Q,g) be an n-dimensional configuration manifold endowed with a smooth
kinetic Riemannian metric g = g;;dq" ® dg’. We denote the components of the inverse
metric matrix by ¢¥/, such that gig" = 47.

Definition 1 (Metric Derivatives and Levi-Civita Connection). The Christoffel sym-
bols of the first kind are defined by:

L (Oga agjk 89@'
4 I == ~ + - — .
(4) A (8(]3 dqt  OgF

The Christoffel symbols of the second kind (the components of the symmetric Levi-
Civita connection V) are:

o 1. (dge gy Og;
) Tl = 0T = o (o 4 G2t - ),

29 \a¢ "¢ a¢
In robotics and mechanism dynamics, the Coriolis and centrifugal matrix C(q, §)
is canonically assembled from the Christoffel symbols of the first kind via:

N ko w1 (095  Ogw  Ogjr\ .i
(6) Cij(a:d) = (@@ =TT =5\ 3x+ 55 ~ 34 ) T

This construction guarantees that M (q) —2C(q, §) is skew-symmetric, directly reflect-
ing the metric compatibility condition Vg = 0.

Definition 2 (Curvature Tensors). The components of the Riemann curvature (3,1)-
tensor R are given in local coordinates by:

argw argﬂ P A P A
opr 8—q/‘ - 8—q” + F)\urau - F)\le—‘ou‘

(7) R



Lowering the contravariant index gives Riop = grpRF,,,. The Ricci curvature ten-
sor is Ry, = R“UW, and the scalar curvature is S = ¢°“R,,. For a 2-dimensional

configuration space (dim Q) = 2), the Gaussian curvature K(q) satisfies:

(8) K(q) = diléjj) = S(Qq>.

3. THE SPHERICAL PENDULUM (S? CONFIGURATION SPACE)

Consider a spatial pendulum consisting of a rigid rod connected to ground via
a frictionless ball-and-socket joint, parameterized by spherical coordinates (6, ¢) €
(0,7) x [0,27).

FIGURE 1. The regular 2-sphere S? as the configuration manifold of
a spherical pendulum, endowed with coordinates (6, ¢) and constant
positive Gaussian curvature K = 1/Jp.

3.1. Metric Tensor. Let the total moment of inertia about the fixed origin O be

Jo. For arigid composite consisting of three components (attachment hub, cylindrical
rod, and end bob):

3
(9) Jo = Z (Les +mir?) = J1+ Jo + J5.

i=1
The kinetic metric tensor takes the diagonal form:

(10) 9(0,¢) = [Joo Jo i e] |

The CAD model for this mechanism is available in Onshape:
https://cad.onshape.com/documents/602df2fb918a6b266b49b9ad


https://cad.onshape.com/documents/602df2fb918a6b266b49b9ad

For physical PLA prototyping values (m; = 0.0052kg, my = 0.0106kg, m3 =
0.0419kg, length [ = 0.300m), the integrated inertia evaluates to Jo = 4.0358 X
103 kg - m?.

3.2. Connection Coefficients and Curvature. The non-zero Christoffel symbols
of the second kind are:

(11) FZ¢ = —sinfcos 0,
(12) ng, = Fie = cot d.

The Gaussian curvature is constant:

(13) K= Jio > 0.

The Riemannian volume element is dvol, = v/det gdf A d¢ = Josin€do A d¢. Inte-
grating over S%:

27 ™ 1
(14) / K dvol, = / / (—) Josin0df de = 4 = 2mx(S?),
52 o Jo \Jo

in agreement with the Gauss-Bonnet theorem.

4. THE PLANAR DOUBLE PENDULUM (7% CONFIGURATION SPACE)

Consider a planar two-link serial manipulator with joint angles (6y,6,) € [0,27)% =
T2

FIGURE 2. The 2-torus T? configuration manifold of a planar 2R dou-
ble pendulum, admitting locally variable Gaussian curvature while pos-
sessing vanishing Euler characteristic x(7?) = 0.



4.1. Metric Tensor. The kinetic metric tensor is given by:

1
(15) 9(01,0) = a+bcosth c+ 5bcosb

c+ %b cos 0, c ’
where
(16) a=1,1+4+ 1.0+ imlLf +moL] + imng,
(17) b=2Lireomy = Ly Loma,
(18) c=1.2+ %lmQLg.

The CAD model and 3D print specifications are hosted at:
https://cad.onshape.com/documents/fa6e8c4e48a0b023acifelde

For nominal experimental parameters (m; = my = 0.181kg, L; = Ly = 0.250m,

I.;=10x10"kg - m?):

~ | 0.0113cosfy +0.0190  0.00566 cos O + 0.00383 9
(19) 961, 82) = | 00566 cos 6 + 0.00383 0.00383 kg - .
4.2. Connection and Curvature. Because the metric coefficients depend solely on
the relative coordinate 65, all derivatives with respect to #; vanish (dg;;/061 = 0).
The non-zero metric derivatives are:

dg11 d912 1.

— ——= = ——bsind — =0.
06, 06, — 270" T,
Computing the Christoffel symbols of the first kind yields:

= —bsin b, 0922

(20)

1. . 1 .
(21) F112 = Flgl = —§bSIIl 92, FQH = éb S1n 02, F122 = F222 =0.

The determinant is D(6;) = detg = ac — ¢* — 1b* cos® 65. The Gaussian curvature
evaluates to:

bc? (4a cos By + b(1 + sin® 02))
4 [ac — 2= ibQ cos? 62]2 .

Although K (6,) is locally non-zero, the total curvature vanishes:

21 2
(23) K dvol, / / K (62)7/D(83) db: df, = 2mx(T?) = 0.
T2 0 0

(22) K(02) =

5. THE PLANAR 5-BAR MECHANISM (¥ CONFIGURATION SPACE)

When two 2R serial linkages are coupled at their endpoints to form a closed kine-
matic loop, the system constitutes a planar 5-bar mechanism. The configuration
space is the connected sum of two tori:

(24) QX T*H#T* 2%,

a compact Riemann surface of genus g = 2.


https://cad.onshape.com/documents/fa6e8c4e48a0b023ac4fe14e

FIGURE 3. The genus-2 orientable surface ¥y = T?#T? representing
the configuration space of the closed-loop planar 5-bar linkage, with
negative total Euler characteristic x(33) = —2.

5.1. Parametrization and CAD Synthesis. The Onshape kinematic assembly is
provided at:

https://cad.onshape.com/documents/30538255325c616d7151aald

Let [y,1s,13,14 denote the moving link lengths, and l5 denote the fixed ground link.
Selecting the driven crank angles (0, 64) as generalized coordinates on a regular chart,
the passive angles #; and 3 are determined by the vector loop-closure constraint:

(25) e 4 e — 3¢ — 14 — 15 = 0.

5.2. Reduced Metric Formulation. Projecting the kinetic energy of the four mov-

ing links onto the independent velocities (6’1, 94) via the loop constraint Jacobian yields
the reduced metric:

1 Nit Nuy
26 0,,0,)) = ————
(26) 9(01,0) sin?(fy — 6s) {Nm N44} ’

(27) N11 = 012 COS(281 — 202) + 013 COS(291 — 293) -+ 023 COS(202 — 2‘93) + C(),
(28) Nyy = Co3c08(205 — 203) + Cay cos(205 — 20,) + Cy cos(203 — 2604) + Co,
(29) N14 = 812 Sin(91 - 02) sin(@z - 293) + Sg4 Sil’l(93 - 94) sin(Ql — 292 + 03),


https://cad.onshape.com/documents/30538255325c616d7151aa1d

and the structural inertia constants are:

1 12 12 1 12 2
(30) Cio = ) mﬂ"dg + J3E ; Ciz = 5 mﬂdg - J2g )

1 12 l2 1 l2 l2
(31) 034 == _5 <m3rc3i + JQé) , 024 = 5 (m3rc3ﬁ _ J3é) ,

1 12 1 12 12
(32) Cos = 3 (Jl + mal? — mgrcgl—l) , Cy= —Chy + 3 (JQZ_; + ng_;) ’

2 2 3
! l

(33) Sy = —Males—, Syy = More—.

l3 l2

5.3. Numerical Implementation and Topological Verification. For nominal
prototype parameters (m; = my = 0.08697kg, my = 0.18072kg, m3 = 0.17969 kg,
li =1y =0.100m, Il = I3 =I5 = 0.250m), the evaluated kinetic metric takes the
form:

107 Ny N

(34) g(0,04) = (0, — 03 {Ni ]\iﬂ kg - m?,
where the dimensionless numerical numerators are given explicitly by:
(35)
Ny, = —7.818 cos(20; — 20,) + 1.218 cos(260; — 2603) — 6.405 cos(2605 — 2603) + 13.006,
(36)
Ny = —6.405 cos(20, — 263) + 1.218 cos (20, — 26,) — 7.818 cos(2605 — 26,) + 13.006,
(37)
Nyy = —8.9845in(6y — 05) sin(fy — 2605) + 9.088 sin(3 — 4) sin(fy — 205 + 63).

The total integral of the Gaussian curvature across the regular configuration man-
ifold X, is governed by its Euler characteristic y(33) =2 — 2(2) = —2:

(38) K dvol, =21y (Xs) = 2m(—2) = —4~.

Yo
The numerical integration, Christoffel symbol computations, and dynamic simulation
routines are implemented in the author’s open repository:

https://github.com/DeadbeatJeff/genus2TorusControllaw

6. GENERALIZATION TO THE GENUS-3 TORUS AND THE ARBITRARY GENUS-g
INDUCTION

The connected-sum construction formulated for the 5-bar linkage (3o & T?#T?)
serves as the fundamental inductive step for multi-loop coupled linkages. By chain-
ing serial linkages through mutual closed loops, the genus-3 configuration space >3
provides the key structural archetype for establishing the metric and topological prop-
erties of an arbitrary genus-g orientable surface X,,.


https://github.com/DeadbeatJeff/genus2TorusControlLaw

FIGURE 4. The genus-3 configuration manifold 33 = #2 T2 arising
from three coupled 2R kinematic loops, establishing the topological
induction template for arbitrary genus-g systems.

6.1. Topological Connected Sums and the Genus-g Archetype. Coupling
three 2R serial chains across two independent closed kinematic constraints yields
a mechanism whose regular configuration manifold is the connected sum of three tori:

(39) Q = TPHT?HT?% =2 3.
More generally, an articulated planar linkage consisting of g coupled 2R loops subject

to mutual closure constraints yields a configuration manifold topologically homeo-
morphic to a compact, orientable Riemann surface of genus g:

(40) Q=T*HT%4# - #T° =¥, =4I T

g copies

6.2. Atlas Construction and Metric Volume Partitioning. Because a surface
of genus g > 2 cannot be covered globally by a single non-singular coordinate chart,
the kinetic Riemannian metric ¢ must be formulated on an atlas of charts reflecting
the constituent loops.

For the genus-3 system, selecting independent coordinate pairs—such as (6, 64) and
(01,0¢), representing the driven base cranks of adjacent loops—partitions the total
Riemannian volume across local coordinate patches X3 and Y39 modulo transition
boundaries:

(41) VOlg(Eg) = // det 9(91, 94) d91 N d94 + // det 9(91, 96) d@l VAN d96
Egyl E3,2

Inductively, this establishes the general prescription for a genus-g mechanism: the
global metric volume decomposes into the sum of Riemannian integrals over g — 1
coupled charts covering the unconstrained kinematic varieties:

g—1

(42) Voly (%) = Z //Z \/ det g (aew)) dQ(lk) A dQ(Zk)'
g,k

k=1



6.3. Global Curvature and the Topological Invariant. While the local met-
ric tensor components g;; and Christoffel symbols vary continuously with individual
link masses, lengths, and inertia parameters, the total integrated Gaussian curvature
across the regular configuration manifold is a strict topological invariant.

Applying the Gauss—Bonnet theorem to the genus-3 mechanism yields (y(X3) =
2—2(3) = —4):

(43) K dvol, = 2mx(X3) = 2m(2 — 2(3)) = —8m.

This serves as the template for the general genus-g linkage configuration space:

(44) K dvol, =2mx(¥,) = 4n(1 — g).

Zg
For all higher-genus mechanisms (g > 2), the average Gaussian curvature (K) =
Ar(1—g)
Volg ()
the configuration space. Kinematic singular configurations—where loop-closure Jaco-

bians degenerate or link alignments collapse (det g — 0 or sin(A#) — 0)—correspond
to metric singularities delineating boundary components of the physical configuration
charts within the ambient smooth manifold >,.

is strictly negative, reflecting hyperbolic metric behavior on large subsets of
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